Co-locating horizontal-and vertical-axis wind turbines has been recently proposed as a possible approach to enhance the land-area power density of wind farms. In this work, we aim to study the benefits associated with such a co-location using large-eddy simulation (LES) and analytical wake models. In this regard, small-scale vertical-axis wind turbines (VAWTs) in triangular clusters are deployed within a finite-size wind farm consisting of horizontal-axis wind turbines (HAWTs). Wake flow within the wind farm and the effect of VAWTs on the overall wind-farm efficiency are investigated and quantified. The results show that the optimal deployment of small-scale VAWTs has a negligible impact on the performance of HAWT arrays while increasing the total power production. For the particular cases considered here, the power output of the co-located wind farm increases up to 21% compared to the baseline case in which only the HAWTs are present. A budget analysis of the mean kinetic energy is carried out to shed light on the impact of VAWTs on energy transport into the wind-farm wake. Also, by comparing to the LES results, it is shown that the analytical framework proposed here is able to accurately predict the power production of wind farms including both HAWTs and VAWTs. Finally, as a real-world application, potential benefits of deploying small-scale VAWTs inside the Horns Rev 1 wind farm are explored for various wind directions using the validated wake model. The results show potential for about an 18% increase in the wind-farm power production, averaged over all wind directions, for a particular VAWT layout investigated in this study.
Introduction
Wind-turbine wakes require a relatively large distance to be fully recovered. Hence, when wind turbines are deployed in clusters, the performance of waked turbines significantly decreases compared to wind turbines in the free stream (see the review of Ref. [1] ). One possible approach to mitigate the power defect due to the wake interaction is to install wind turbines as far as possible from one another [2] , which is further enforced by the development of rotor sizes throughout the past decades [3] . However, this approach requires significant amounts of land which in practice is not always feasible for several reasons ranging from the costs of aquiring the land to increased likelyhood of social opposition [4, 5] .
Historically, wind farms were assumed to consist of identical horizontal-axis wind turbines (HAWTs). Recent studies have proposed a paradigm shift in which size and type of turbines is also a decision variable in the farm-design process [6] [7] [8] [9] [10] . Feng and Shen [8] investigated the benefits of wind farms consisting of HAWTs with multiple types using analytical wake models. They showed a lower energy cost for a wind farm with different sizes compared to a uniformsized wind farm. Vasel-Be-Hagh and Archer [9] assessed the impact of hub-height optimization on wind-farm energy extraction. They found that a wind farm with variable hub heights can produce >2% more energy annually compared to the wind farm with a uniform hub height. The benefits of vertically staggered wind farms by varying HAWT hub heights were also studied recently by Zhang et al. [10] . Using large-eddy simulation (LES), they showed that vertical staggering enhances the energy production of turbines in the entrance/developing region of the farm. However, this approach does not improve the power output in the fully developed regime.
A different approach is to fill the gap between large-scale HAWTs by deploying smaller vertical-axis wind turbines (VAWTs) [11] . VAWTs are a class of turbines with rotational axes perpendicular to the free stream, and have received a great deal of attention in recent years (see for instance Refs. [12] [13] [14] [15] , among others). Recently, Xie et al. [16] performed LES of an infinite wind farm (i.e., numerically subjected to periodic boundary conditions) consisting of co-located HAWTs and VAWTs. They showed that the small-scale VAWTs enhance the vertical momentum exchange within the farm leading to a significant increase (up to 32%) in the total wind-farm power. Despite the promising findings reported in that study, the aerodynamic interaction of co-located HAWTs and VAWTs in a finite-size wind farm is unknown and has not been studied so far. Note that for a small number of wind turbines or at the leading edge of a large wind farm, the energy is mainly extracted from the incoming wind due the horizontal flux of kinetic energy [17] . Given the finite size of existing farms, investigating the impact of co-locating HAWTs and VAWTs on the overall performance of wind farms is valuable and is the central focus of this work.
The present work aims at exploring wake flow and generated power from a finite-size wind farm consisting of co-located HAWTs and VAWTs using LESs and analytical wake models. Section 2 provides a brief description of the LES and analytical frameworks for modeling wake flow through HAWTs and VAWTs. In Section 3, the impact of co-location on the wake flow and the total power production of the farm is examined, and the results are compared to the baseline case in which only HAWTs are present. Finally, the power enhancement by adding small-scale VAWTs to the Horns Rev 1 wind farm, as an existing wind farm, is investigated for various wind directions. In Section 4, a summary and concluding remarks are given.
Modelling

Large-eddy simulation framework
The previously-validated LES framework presented here (see for instance Refs. [18] [19] [20] [21] ) solves the filtered continuity and NavierStokes equations for incompressible turbulent flow,
whereũ i andp are the filtered velocity and pressure fields, respectively. x i indicates the Cartesian coordinates. t is time. ρ o is the fluid density. τ ij = u i u j −ũ iũj denotes the kinematic subfilter stress tensor. f i is a body force and accounts for the effect of wind turbines on the flow. The code employs a pseudo-spectral discretization in horizontal directions, and a central finite difference method in the vertical direction. The second-order Adam-Bashforth scheme is applied for time advancement. The molecular viscous forces are neglected away from the wall, hence the flow is at nominally infinite Reynolds number. The subfilter turbulent motions are modeled via the scale-dependent Lagrangian dynamic approach [22] . The actuator-disk model with rotation [18] and the actuator swept-surface model [13] are respectively used to parameterize the forces induced by HAWTs and VAWTs. Through these approaches, the aerodynamic forces on the rotors are determined using the blade airfoil geometry, the relative wind velocity, and the lift-drag force characteristics of the blades. The inflow condition is generated through a precursor method and by simulating a turbulent flow over a rough surface. The computational domain size is 4800m × 1200m × 456m in the streamwise (x), lateral (y) and wall-normal (z) Figure 1 : (a) Vertical profiles of the normalized mean streamwise velocity U/U hub and the turbulence level I u = σ u /U hub for the incoming free stream. Horizontal black and red dot-lines show the HAWT and VAWT extents, respectively. (b) Normalized resolved streamwise velocity spectra. Here, u * is the friction velocity, and the normalized height z/D increases from 0.03 to 2.85. directions, respectively, and it is broken uniformly into 480 × 240 × 96 grid points. An imposed uniform pressure gradient drives the boundary-layer flow in the streamwise direction. The effective ground roughness (z o ) is 0.05m, and the wall shear stress is specified following the the equilibrium wall model. Further details of the solver can be found in Ref. [23] .
The main characteristics of the incoming wind including the mean velocity, turbulence intensity and power spectra of the streamwise velocity component are shown in Fig. 1 . The free-stream mean velocity at the HAWT hub-height U hub is about 7.3m/s. The streamwise turbulence level I u = σ u /U hub at the same height is about 7.4%, where σ u is the standard deviation of the streamwise velocity. Figure 1b illustrates the normalized spectra of the simulated streamwise velocity field obtained from the precursor simulation. As can be seen in this figure, the normalized power spectra depict the expected collapse for the small resolved scales (k 1 z > 1) and follow the theoretical scaling in the inertial subrange with a slope of −5/3. In the wake-flow simulation, a fringe zone is implemented to adopt the flow from the wake state downstream to that of a fully turbulent boundary-layer inflow condition [19] .
The HAWTs used in the simulations are Vestas V80 turbines with the rotor diameter (D) of 80m and the hub height (z h ) of 70m. Details of the Vestas V80 wind turbine such as distributions of twist angle and chord length along the blades, and lift-drag coefficients as a function of angle of attack can be found in Ref. [18] . The VAWTs immersed in the flow are 200kW T1-turbines, which are the three-and straight-bladed VAWTs with the rotor diameter (D v ) of 26m, the blade span (H v ) of 24m, and the equator height (z hv ) of 40m. The blades of VAWTs consist of the standard NACA 0018 airfoil with the chord length of 0.75m, and the turbines operate at the nominal tip-speed ratio of 3.8 [20] . The thrust coefficients of the HAWTs and VAWTs are respectively around 0.8 and 0.64. A schematic of the HAWT and VAWT is shown in Fig. 2 . 
Analytical framework
The reduction of the mean wind velocity inside the wake is described by the normalized velocity deficit as ∆U /U ∞ = (U ∞ − U w )/U ∞ , where U ∞ is the turbine inflow velocity, and U w is the wind velocity at a given position inside a wake. In this study, we use the recently-introduced Gaussian wake model for both HAWTs [24, 25] and VAWTs [20, 26] . The Gaussian wake model describes the wake velocity deficit as
where C is the maximum velocity deficit, and σ y and σ z are respectively the spanwise and wall-normal standard deviations of velocity deficit distribution. The maximum velocity deficit in the wake is given by
Here, the turbine thrust coefficient is denoted by C t . A p is the turbine projected area, and is equal to πD 2 /4 and D v H v for HAWTs and VAWTs, respectively. As shown in the earlier studies [24, 26] , for wind turbines in the turbulent free stream, a linear growth of the wake with downwind distance can be assumed, σ y = k * x + L y and σ z = k * x + L z , where k * denotes the wake expansion rate, and the characteristic turbine dimensions in the y and z directions are respectively labeled as L y and L z . In particular, L y = L z = D for HAWTs, and L y = D v and L z = H v for VAWTs [26] . The wake expansion rate k * is estimated based on the empirical formula suggested in Ref. [27] as k * = 0.35I u . in the equation above characterizes the wake standard deviation at the rotor, and it is defined [24] . Note that, in the very far-wake region where k * x > L y,z , the velocity deficit distribution by definition asymptotes to a circular shape from an elliptic shape as σ y /σ z → 1. To account for multiple wake interactions within a wind farm, rotor wakes can be superposed in either linear or nonlinear manner [28, 29] . Based upon the linear superposition , the wake velocity within the farm can be estimated as
where U i is the velocity at turbine i, U k is the incoming velocity at turbine k, and U ki is the wake velocity caused by turbine k at downstream turbine i. The velocity field emerged from multiple wake interactions can be alternatively modeled using the nonlinear superposition method as
In the following section, the performance of the above-mentioned superposition methods is assessed using the LES data. The generated power by turbine i is determined as Figure 3 illustrates the schematic of the wind-farm layout for the two cases considered in this study. Case (0) is the baseline case with no VAWT. The HAWTs are arranged in six columns and three rows in the streamwise and lateral directions, respectively. The distance among the HAWTs in the streamwise and lateral directions is 7D and 5D, respectively. As mentioned before, deployment of wind turbines as far apart is required to mitigate the wake loss in wind farms. However, the available energy passing through the gap between large HAWTs is not accessible by them. In order to increase the land-area power density of wind farms, the gap between large HAWTs can be filled by the smaller VAWTs [4] . There are different ways to fill the gap between HAWTs using VAWTs, and several design parameters such as geometry, number, and exact location of VAWTs can be essentially optimized in order to maximize the benefits of wind-farm co-location. In this study, we consider one particular case to show the potential benefits of this approach in improving the power production of an existing wind farm. Case (1) represents a layout in which VAWTs are installed in triangular clusters in the free space among HAWTs. Here, the center of VAWT cluster is placed between each row and column of HAWTs in order to minimize the interaction between them. Each VAWT cluster consists of three turbines with center-to-center distance among them of about s v D v = 5D v . The selected configuration for the VAWT clusters is motivated by the recent study by Hezaveh et al. [30] who showed that the performance of VAWTs can be increased using synergetic clustering. In particular, by optimizing the VAWT numbers and the distance among them, they showed that such a configuration results in higher power production over a wide range of wind direction. As can be visually acknowledged in Fig. 3 , the distance between VAWT clusters in the streamwise and lateral direction is 7D 21.5D v and 5D 15.4D v , respectively, and the first column of VAWT clusters is placed 3.5D downstream of the first HAWT column.
Wind-farm layout
Results
Here, we present the results obtained from the LES and the analytical wake model. In particular, we focus on analyzing the mean wake flow through the wind farm as well as the generated power by wind turbines for the two scenarios described in Section 2.3. Figure 4 illustrates contour plots of the normalized instantaneous and time-averaged streamwise velocity at the HAWT hub height obtained from LES. As expected, the waked turbines encounter a reduced wind velocity and, consequently, produce less power compared to the turbines in the first column. Figure 5 represents the power efficiency as a function of turbine columns. Here, the power efficiency of each column is calculated as η c = P c /P c,f ree , where P c is the power output of all turbines in each column, and P c,f ree is the power output of all HAWTs in the first column operating in the free stream. The first column has all the turbines in the free stream and, hence, η c = 1. Due to the wake effect, the efficiency drops by around 50% for turbines in the downstream columns. In this figure, the predictions obtained from the analytical wake model with linear and nonlinear superposition methods are also provided for comparison. As can be seen, the linear addition of the wake velocity defects leads to an underestimation of the power output for the downwind wind turbines. On the other hand, there is a good agreement between LES and the analytical model with nonlinear wake superposition. These results are consistent with previous studies that show the nonlinear superposition method can provide a more accurate prediction for the power production of wind turbines subjected to multiple wake interactions (see for instance the review of Refs. [31, 32] , among others). In the analytical wake model, we also investigate the uncertainty in estimating the wake growth rate, k * , as it is the only empirically-tuned parameter in the wake model. Here, we present the results with 10% uncertainty in the estimation of this parameter. It is found that 10% uncertainty in the wake growth rate leads to about 2.3% uncertainty in the power prediction of waked wind turbines. Since the analytical model with the nonlinear wake superposition provides a relatively accurate prediction for the power output in the baseline case, this method is used in the rest of the paper.
Case (0): HAWT farm
Case (1): Co-located VAWT clusters and HAWTs
In this case, HAWTs are kept in the same position as Case (0), and VAWT clusters are placed in the gap among them. Figure 6 show the contours of the normalized mean flow at HAWT and VAWT hub heights, respectively, obtained from LES. At the HAWT hub height, VAWT wakes appears far downstream of the farm, since the wake behind VAWTs needs to grow sufficiently in the vertical direction before being visible at the HAWT hub height. It can be also realized from these figures that the wakes of VAWT clusters are almost fully recovered before the next column since the relative distance between the two columns of VAWT clusters is relatively large (around 21.5D v ). The average turbine power efficiency for the turbines in each column is plotted in Fig. 7 . The total power efficiency of the co-located wind farm is also plotted in this figure to illustrate the gain potential due to the presence of VAWTs. In order to better quantify the effect of VAWTs on the performance of HAWTs and on the total power output of the farm, we define the gain/loss factor as follows. The gain/loss factor in the power production of HAWTs due to the presence of VAWTs is defined as ζ HAW T,n = P HAW T,n / P 0 − 1, where P HAW T,n is the total power of HAWTs in Case (n) and P 0 is the total power of HAWTs in the baseline case (i.e., Case 0). We also define the gain factor for VAWTs as ζ V AW T,n = P V AW T,n / P 0 , where P V AW T,n is the total power of VAWTs in Case (n). Then, the net gain/loss factor is defined as ζ net,n = ζ HAW T,n + ζ V AW T,n . Note that, based on the definitions above, the gain/loss factor for Case (0) is zero. The gain/loss factor for the co-located wind farm is provided in Table 1. As can be noticed, the VAWTs have a relatively small impact on the performance of HAWTs by decreasing the HAWT farm efficiency by 0.7%. The slight reduction of the HAWT farm efficiency is related to the presence of VAWTs and their wake interactions with the HAWTs as shown in Fig. 6 . However, these interactions are relatively small. Besides, due to the additional power generated by the VAWTs, the total power output is increased by 21.1% compared to the baseline case. Note that optimizing the design and placement of VAWTs can further reduce their negative impacts on HAWTs, and thus it can be addressed in future works. Also, similar to the previous results, a relatively good agreement between the LES data and the wake model is observed in predicting power efficiency for both the HAWTs and VAWTs.
Kinetic energy budgets of the mean flow
To better quantify the influence of VAWTs on the energy extraction from the turbulent incoming flow, a budget analysis of the mean kinetic energy for the wake flows through the wind farm is performed. As shown in previous studies [33] [34] [35] , this analysis can shed light on the physics of energy exchanges between the incoming flow and turbine wakes. Under the steady-state condition, the kinetic energy budget of the mean flow can be written as ∂ ū jK ∂x j Adv. where the overbar shows temporal averaging,ũ i =ũ i −ū i .K = 0.5ū iūi is the kinetic energy of the mean flow. The Adv. term describes the advection of the mean kinetic energy by the mean flow, T t represents the mean kinetic energy transport via pressure and turbulence. P s is the turbulent kinetic energy production, and W t is the work extracted by the turbines. In Fig. 8 , the mean kinetic energy budget terms, averaged horizontally over the whole wind-farm domains, are shown. As can be seen, the turbulence production and the work done by the wind turbines increase inside the farm due the presence of VAWTs. It can be also observed that, in order to balance the additional power output and turbulence production induced by the VAWTs, both transport and advection of the mean kinetic energy increase for Case (1) compared to the Case (0). It can be also seen that the higher values for advection and transport terms are mainly occur within the layer that the VAWTs are present. This result shows that the presence of the small-scale VAWTs enhances the total power extraction by increasing the advection and transport of mean kinetic energy from the boundary-layer flow.
Horns Rev 1 wind-farm power enhancement
As a real-world application, the benefits of co-locating HAWTs and VAWTs are investigated in the Horns Rev 1 wind farm under different wind directions. To do so, the analytical wake model, validated in the previous section, is employed. The Horns Rev 1 wind farm consists of 80 Vestas V80 HAWTs in 8 rows by 10 columns grid with a minimum distance among two turbines (s) of 7 HAWT rotor diameter. Columns are turned 7 • from the North-South axis. A schematic of the wind farm is shown in Fig. 9 . The type of turbines is the same as the ones used in previous cases. The incoming wind velocity at the HAWT hub height is 8m/s. To assess the effect of atmospheric turbulence on the results, three different values for the ambient turbulence intensity are considered as I u = 5%, 7.7% and 15%. VAWTs are deployed based on the same layout concept as Case (1), i.e., VAWT triangular clusters in the gap between the HAWTs. In order to provide a more complete picture of the effect of VAWTs on the HAWT array, wind-farm efficiency in all wind directions is investigated. Due to the symmetry of the wind-farm layout, it is sufficient to investigate wind directions ranging over 180 • . Here, we define the efficiency of the entire wind farm as η = P / P f ree , where P is the sum of power output from all wind turbines, and P f ree is the total power output from HAWTs calculated as if they were placed in the free stream. Figure 9 shows the wind-farm power efficiency, η, for wind directions ranging from 173 • −353 • obtained from wake model with 10% uncertainty in the wake growth rate. The wind-farm power output obtained from LES in the absence of VAWTs [36] is also included for comparison. As can be seen, a relatively good agreement between the LES and the wake model is observed, especially for wind directions with lower power efficiency under full-wake conditions. In other wind directions, under partial-wake regimes, the wake model overestimates the power efficiency of the farm. It should be noted that, although there are some discrepancies between the LES and wake model, in this study, we aim to investigate the relative improvement of wind-farm power production due to the presence of VAWTs. Adding the VAWTs to the wind farm shows a similar trend in power efficiency as the one discussed earlier. The effect of small-scale VAWTs on the HAWTs is relatively small, while they produce additional wind power. It can be also seen that, for all wind directions, the efficiency of the co-located wind farm is higher than the baseline case. To better quantify the impact of VAWTs on the HAWT farm, the gain/loss factor under different ambient turbulence levels is provided in Table 2 . For the particular wind-farm layout considered here, the power production of the farm (averaged over all wind directions) increases by 16.5%, 17.3% and 18.2% for the ambient turbulence intensity of 5%, 7.7% and 15%, respectively. It is interesting to observe that the ambient turbulence level has a relatively small effect on power enhancement due to the turbine co-location. In addition, it is found that 10% uncertainty in the wake growth rate yields about 1% uncertainty in estimating the total power production averaged over all wind directions which is much smaller than the gained power due to the presence of VAWTs. This result reveals the potential to enhance the wind-power density of wind farms by co-locating VAWTs and HAWTs.
Conclusion
The benefits associated with co-locating HAWTs and VAWTs in a finite-size wind farm are investigated in this study. In this regard, LES together with the analytical wake model is employed. Small-scale VAWTs in triangular clusters are deployed within a finite-size wind farm consisting of conventional HAWTs. For the particular cases studied here, the potential power gain in the wind farm with both HAWTs and VAWTs is up to 21% compared to a baseline case in which only HAWTs are present. The budget analysis of the mean kinetic energy are performed to elucidate the effect of VAWTs on the energy transport into the wind farm wake. This analysis reveals that the presence of VAWTs enhances the advection and the transport of mean kinetic energy leading to a higher energy extraction from the wind turbines. It is also shown that the impact of small-scale VAWTs on the performance of HAWTs is relatively small if the VAWTs are deployed properly among HAWTs. Furthermore, the performance of the analytical framework is evaluated using the LES data, and it is found that the presented analytical framework is able to accurately predict the power output from wind farms consisting of both HAWTs and VAWTs. Finally, the validated analytical wake model is used to investigate the potential power enhancement in the Horns Rev 1 wind farm by adding small-scale VAWTs over a wide range of wind directions. It is shown that by adding the small-scale VAWTs to the wind farm, the power production can increase by up to 18% (averaged over all wind directions). We conclude that co-locating conventional HAWTs and small-scale VAWTs is a promising approach to increase the land-area power density in existing wind farms. Future research is required to optimize the design and placement of clustered VAWTs within HAWT arrays to maximize the power production of co-located wind farms.
